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Strut and Tie Modelling of Reinforced Concrete Deep Beams Under
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Abstract

Numerical analysis of the performance of reinforced concrete (RC)
deep beam subjected to static and fixed-point pulsating loading at the
midpoint has been investigated. Three-dimensional nonlinear finite element
model using the Strut and Tie approach was adopted. The damage level
under the influence of the applied fixed pulsating loading is higher than the
static applied loading, hence eatly crack was observed because of the
stepwise loading in the form of vibration. Although the Strut and Tie
approach gave a good estimation of the resistance capacity of the beam, the
beam undergo high shear damage when subjected to these two types of

Revised: 29% June 2020 loading. Material strength properties, applied loadings and cross-sections
Accepted: 14" Aug, 2020 ?)dopted are some of the factors that affect the performance of the deep
eam.
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1. Introduction of a beam (I/d) equal to 4 ot less, or the shear span-
to-overall depth ratio of a beam (a/d) is equal or less
than two, the beam is termed a deep beam. It is often
loaded at the face and supported at the opposite face.
Deep beams are qualified by having a shear span-
depth ratio (a/d) relatively small Figure 1, [3] thus,
their behavior is dominant under shear rather than
flexure and their capacity depends on the mode of
application of load and supports condition. Many
investigations have been conducted on the behavior
of a simply supported RC deep beam under static
loading [3,4], however, some RC deep beams are
under the influence of pulsating loading such as the
vibrating machine. Their behaviors are different when
compared to the static loading [5].

Reinforced concrete (RC) structures are subjected
to various deterioration such as concrete spalling,
cracks, large deformation, rebars rupture, and
collapse during their service time. This is caused by
environmental and man-made factors; aging of the
structures, reinforcing bar corrosion, earthquakes,
blasts, overloading, etc. [1]. The behavior of some RC
members is dominant under shear failure while some
experienced flexural failure or bending. Some parts of
RC structures are overestimated with certain accuracy
during design, while other parts are designed using
the rules of thumb or based on experience. However,
all parts of structures are important and must be
treated accurately because of the nonlinear behavior
of concrete [2]. When the span-to-overall depth ratio
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Figure (1): Common types of struts and tie

1.1 Research Significance stress generated under pulsating load is always lower

Deflection of RC deep beam under static loading than that of the static stress capacity, thus, crack
is always apparent and allows usets to evacuate initiation to propagation may not be apparent before
before the total failure, however, little or no warning failure. By using the structs-and-ties approach, the
is given under the pulsating types of loading. Due to bond behavior of the RC beam can easily be analyzed
the heterogeneous constituents of concrete, load under continuum model. The results of the past
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experimental investigations show that the bond-zone
response of RC structure is highly nonlinear and
always affected by the stress-strain state of the
structure [5]. Hence, strut and tie approach is
proposed to model the bond strength in the RC deep
beam

2. Structs and Ties Consideration

The truss analogy was introduced by Ritter [6],
and Morsch [7] more than a century ago, to show the
emergence of internal stresses in a cracked beam,
which is the basis for the design of concrete beams.
This method was improved and extended to be struts
and ties by Leonhardt [8], Rusch [9] and Kupfer [10].
Thereafter, Collins and Mitchell, [11] further
investigated the deformation of the truss model and
came up with a refined approach for shear and
torsion. Demerdash, [12] considered a nonlinear
finite element approach to design the behavior of
deep beam, it was reported that cracking patterns,
deflections,  failure mode, and  stress-strain
distributions, cannot be determined with the strut-
and-tie model.

Strut and Tie models (STM) ate one of the
approaches to describe stress growth and distribution
developed in a continuum structural field. The action
of external loading resulting in flexure, shear,
compression, torsion is initially borne by the material
constituents in the microscopic level, the overall
effect is visible as a failure because once the material
is completely in the plastic region, relatively low
additional resistance to increase loading is exhibited.

Strut and Tie models are basically a truss
analogy that essentially depends on the limit analysis
of the lower bound theorem of collapsed load [13]. In
this case, only the equilibrium and the yield criterion
are satisfied with stress generalization. Hence, in
reinforced concrete structures, members subjected to
compression termed as Struts are the concrete. The
strut transfers stresses from node to other nodes and
may be reinforced as structural elements or a typical
wall. While the members in tension consist of the
steel reinforcement are the Ties that transfer tensile
stresses to the nodes. On many cases, transverse
reinforcement is provided to prevent the splitting of
the RC caused by transverse tension due to the high
compressive stress generated by the struts. The shape
of the strut depends upon the stress path from which
the strut emerges, and details of any tension joined to
the tie, [14]. Struct are classified into three as shown
in Figure 1, Prismatic structs are mainly adopted to
model the compressive stress block of a beam
member. When the section at the end of the strut is
well defined but the rest of the struct is not confined
to a specific portion of the member, Bottle-shaped
strut is adopted to model the section, Compression
fan strut emerges when stresses flow from a large
source to a smaller source.

ACI 318R-19 [15] has been adopted for the
analysis of the strut and tie model in this study. The
strength of concrete in compression depends on the
multi-axial state of stress and the disturbance from
reinforcement and cracks. The effective compressive
strength of the concrete strut is given in Eq. 1 as;

AP

fcz = 0-85fc’ﬁs or 0-67fc,uﬁs O

0.85f. is the cylindrical concrete compressive
strength and 0.67f;, for the cube concrete
compressive strength. [ is the effective factor for
concrete strut which accounts for the stress
conditions, geometry and the crack angle surrounding
the strut. The values of S for various conditions
adopted for this investigation according to the ACI
318R-19, [15] is presented in Table 1. The tie cross
section area, Ay, is taken as constant along its length
and is obtained from the tie force and the yield stress
of the steel, f,. The nominal strength of a tie Tt is
expressed in Eq. 2 as;

F, = Astfy @

Table (1). Strut and Node Efficiency Factor
According to ACI 318M-11

Strut and Node Efficiency Strut | Node
(Bs) | (Bn)

Struts with uniform cross-section | 1.00
over its length

Bottle-shaped strut with | 0.75 -
reinforcement

Bottle-shaped strut without | 0.6 -
reinforcement

Struts in the tension member 0.4 -
All other cases 0.6 -
Nodal zone (C-C-C) - 1.00
Nodal zone (C-C-T) - 0.8
Nodal zone (C-T-T) - 0.6
Nodal zone (T-T-T) - 0.4

The compressive strength of concrete at the
nodal zone depends on the tensile straining from tie
intersection, confinement provided by compressive
forces and the confinement by the transverse
reinforcement. To  distinguish  between  the
confinement condition and straining for the nodal
zone, Figure 2 presents the node classification.

» C-C-C is the nodal zone bounded by
compression strut only,

» C-C-T is the nodal zone bounded by
compression struts and a tension tie,
» C-T-T is the nodal zone bounded by a
compression strut and two tension ties, and
» T-T-T is the nodal zone bounded by tension
ties only.
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Figure (2): Nodes Classification

The effective compressive strength of concrete in
a nodal zone, f75, is given in Eq. 3 as;

fée = 0-85fclﬁn or 0-67fcluﬁn 3
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B is the effectiveness strength factor of a nodal zone
as given in Table 1.

The nominal compressive strength of a nodal zone,
F,, is given in Eq. 4 as;

Fy = feA, “

A, is the minimum of the area of the nodal zone
where the force acts.

4
r
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3. A numerical scheme for the beam

verification

To determine the reinforcement for the simply
supported deep beam in Figure 3, an assumed
factored load of 2000kN was used, a concrete
cylindrical strength, f, = 30 MPa, steel yield stress
fy =400 MPa,

|

J b,7= 100mm

Figure (3): Beam dimension and strut and tie layout

A beam of 1m, a width of 400mm and the total
length of 2.4 m were adopted. The beam self-weight
is calculated as part of the applied load, the solution
for the Strut and tie (STM) is given as;

The reaction
1000 kN

The shear span to depth ratio of this beam is less
than 2, therefore, the beam is considered as the
disturbed region (D region). Since the beam is
symmetrical, the developed STM layout in Figure 3
consists of the strut in compression and the tie in
tension. The width of the bearing plate is assumed as
200 mm, the upper nodes are usually located at a
distance, c, equal one-quarter of the width of the
bearing plate. Which is 50 mm. hence, the distance is
assumed as 50mm.

The length of the diagonal strut C; is;

C, =+/(9002% 4+ 8002) = 1204.16 mm

1204.16 _

regarding Figure 3, Ry =Rp =

The force in strut C; = 1000 X
1337.95 kN

The force in T = 1000 X % = 888.8 kN

C, =T = 888.8kN

The angle between Cjand T, 6 = tan™ (ﬂ) =

800
48.37°

3.1 Effective concrete design strength of

struts and nodes

The effect of concrete design strength of the
struts and nodes are calculated using the cylindrical
concrete compressive strength as given in Egs. 1 and
3 respectively.
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The strut strength for the inclined strut Cjby
adopting s = 1 for the bottle-shaped is;

f5 = 0.85f/B, = 25.5 MPa

The strut strength for the inclined strut C,by
adopting s = 0.75 for the prismatic shape is;

£5 = 0.85f/B, = 19.125 MPa

The effective design strength of the node using
the cylindrical compressive strength for various nodes
classification and adopting equivalent 8, in Table 1,
can be calculated as;

At A, the node component is C-C-T thus,
fi = 0.85fB, = 20.4 MPa

At B, the node is
25.5 MPa

C-C-C, fie=085fp, =

The bearing stress generated from node B is given as

1000x103
100Xx400

= 25 MPa < f. 25.5MPa which is ok

For the section at the interface between strut C»
and the node, the design strength should be the
smaller of the node strength and the strut strength,
both of which are the same in the case of 25.5 MPa.

The required width of strut Cs is calculated as

F,,  888.8 X 103

= = = 87.14
Wee =% fm = 7400 x 25.5 mn

The difference between the assumed width of
C>=100 mm and the required width is on the safe
side and is not significant, there is no need for
dimension modification.
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The required width for the strut C; is calculated
as;

W, = acos8 + b;sinf 5)

W, = 100sin48.37° + 100c0s48.37° =
141.18 mm

The corresponding stress is given as;

—_— FC

- weXb

__ 133795 . o

% = 2118 x 400 - 2009 <Ja

= 25.5 MPa,which is ok

Oc,

1000x103

200x400
12.5 MPa < f; = 20.4 MPa,which is ok

The stress generated at node A is given as

3.2 Required Reinforcement
Since the strut joining nodes A and B has a
bottle-shaped stress field, transverse reinforcement of
the strut is required to resist a total force.
Strut C; requires transverse reinforcement as;
o)

TCl:(EX 2

€y _ 133795

)><2=— = 669 kN
2 2

The total required reinforcement perpendicular
to the strut is;

Te, _ 669x103
fy 400

= 1672.44 mm?

The total length of C; is calculated as 1204.16
mm, hence the required transverse reinforcement is

167244
== = 1.389 mm?/mm,
1204.16

diameter bar of 100 mm spacing is provided.

hence, a 10 mm

Tie T:

2H10

1000 mm
s

2

S

3H32

S

AP

The reinforcement required to resist the force of this
tie is;

T _ 888.8x10°%
fy 400

= 2222 mm?

hence, 3032 of 2410 mm? is provided.

4. Finite Element Model and Loading

Three-dimensional nonlinear finite element model
of the RC deep beam was adopted, the option is to
present the hexagonal behavior of the nodes in an
element. The meshing of the individual RC element
has been achieved with the Concrete Model of 3-
Dimension software package which allows the
simulation of nonlinear response of concrete
structures, the software allows the two materials
(concrete and steel) to have a common node with a
common element bonded together. The beam
supports are made of elastic material which is simply
supported. Figure 4 shows the model of the deep
beam with the calculated reinforcing bar detailing.
The model ensures proper bonding between the
reinforcement and the concrete.

Table 2 shows the material strength properties of
the concrete, reinforcement and the elastic support.
Two kinds of loads; a static load at the top of the
beam, was applied on each node with its magnitude
calculated, and a pulsating load (this was applied by
loading and unloading on each beam) as shown in
Figure 4. The pulsating load was step-wisely applied
on the nodes with the loading and unloading within
0.003 seconds, by adopting 5 time-step.

Numerical FEM investigation of the of the beam
was carried out with the help of the Concrete Model
of 3-Dimension. The beam was discretized into 894
elements, each element has the same dimension, and
1420 nodes.

(B E e

+
4=

Figure (4): 3-dimensional FE model of Deep beam with rebar detailing

Table (2). Material Strength and Properties

. Elastic
Material property Concrete | Steel Material
Initial stiffness (MPa) | 2.2x10° | 2.1x10% | 2.2x10°
Poisson ratio 0.2 0.3 0.3
Unit weight (KN/m*3) 25 78.6 78.6
Yield strength (MPa) - 400 -
Tensile strength (MPa) | 2.5 600 -
Concrete Compressive 30 ) )

strength (MPa)
Strain softening 0.4 and
coefficient 15
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4.1. Cracks Delineation

The crack formed in the deep beam was
evaluated in terms of the localized principal stresses
and strains generated in the discretized critical
element along the flexural cracks as expressed in Egs.
7 and 8. Localized damage was evaluated using the
combined stress-strain effect from the reinforced
concrete element of the deep beam. Once the load
reaches the ultimate value, the maximum yield strain
is simultaneously reached hence further loading does
not have an impact on the failure of the beam.
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(ox+ay) 1
og =—>+2/(ox—0)*+42 ()

(ex+ey) 1
ga =+ (ex — &)% + 4y ®)

> 04 and g4 are the diagonal tensile stress and the
strain of in the reinforced concrete beam,

» 0, and &, are the normal stress and strain,

» o0y and g, are the orthogonal stress and strain
to the corresponding normal stress and strain

» 7 and y are the sheart stress and strain caused by
the shear force along the corresponding normal
and orthogonal stress-strain.

* * Compression cracks
v
[ —
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5. Global Damage Mode of the Deep

beam

The failure mode of a deep beam is characterized
by a deep inclined crack that appears to form within
the shear span that does not depend on the flexural
cracks. The cracks are initiated at the bottom of the
beam near the support and propagate towards the
face of the beam, Figure 5, this is cumulated with the
compressive damage by the applied load at the region
of the point load. The global damage forming a tied
arch action. Such behavior has been linked to result
from the stresses sustained by the tension bar
transferred to crack concrete through bond effect at
the ultimate state.

Multiple cracks
O,

T
Tension / @ Shear
‘\‘\"ﬁ""'"l // stiffening

Mean tensile strain

= /

Mean shear strain

Figure (5): Damage Mode of Deep Beam

Figure 6 shows the principal strain of the damage
mode of the beam when subjected to static load (left)
and fixed-point pulsating load (right) at the midpoint.
Concrete crack was initiated at an applied static load
of about 350 kN at the bottom face of the beam
close to the supports, while crack initiation for the
fixed pulsating loads was around 195 kN equivalent
to about 55 percent of the static load. Propagation of
the cracks flows diagonally across the beam up to the
compression zone forming a bottle-shape. Flexural
crack was formed when the fixed pulsating load was
applied as shown at the underside of the beam, this is
due to the stepwise application of the pulsating load.
Tension bar rupture leads to the rupture of the
reinforcement at the compression zone in Figure 6
(right). Due to prolong loading, cracks of concrete
were formed across all the stirrups and fracture
occurred at least in the first two stirrups close to the
supports. Rupture of stirrup close to the right
support
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occurred at around a hundred thousand
(100,000) cycles under the fixed pulsating loading
accounting for a low strain less than 2000p and total
failure of the beam occurred at over 500,000 cycles.

Figure 7 shows the analytical response of the deep
beam under the static and fixed-point pulsating load
with the maximum capacity of 3360 kN and 3390 kN
respectively which shows the same agreement. This
increase to about 60% of the ultimate force, the
curves exhibit an initial elastic relationship, with
deviation from linearity at around 300 kN and 150
kN for the static and pulsating forces that correspond
to the crack initiation phase. Crack propagation is
symptomatic of increasing loading until the
nonlinearity causes the variation in failure. Quasi-
brittle failure of the concrete in both cases of the
applied load is formed. Strain softening increases in
the fixed pulsating case with larger deflection
compared with the static case.
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Figure (6): The principal strain of the Damage Mode of the Deep beam (a) Static point load (left) (b) Fixed-point
Pulsating load (right).
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Figure (7): Load-Deflection Response of the beam
the under pulsating loading

The softening properties of the stress-strain
relation adopted in the constitutive model are mesh
dependent which is defined by the finite element of
the beam model; thus, similar meshes are used and
are adjusted to eliminate the inconsistency in the
fracture energy. The strain-softening coefficient in
the plain concrete is considerably higher than the
reinforced concrete element so that damage is
delimitated by the total global failure of the material
(see Table 2).

Figure 8 shows the stress-strain comparison of
the static and the pulsating loads. A localized crack of
the tensile element pickup as shown by a white
rectangle was analyzed as discussed in section 4.1.
there is an agreement between the static and the
pulsating loading up to the proportional limit before
deviation at stress over 250 MPa cotresponding to
strain 1600u. There is an increase in strain at constant
stress between the two curves after their
corresponding yield strain before the failure of the
static load. At the constant stress, the fixed pulsating
load undergoes unloading and further reloading
forming a loop around 7000y strain which leads to
loss of energy. Total failure formed by the curves is
elasto-plastic fracturing.

6. Conclusion
Behavior of deep beam subjected to static and
fixed pulsating load has been numerically analyzed

350
300 F /
<
o250 f
s
w200 F
v [
&H150 F Static stress
© E
2100 3 Pulsating stress
7] 1
50 F
O U T N N 1 U S S T 1
0 2000 4000 6000 8000 10000
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Figure (8): stress-strain comparison of the static and
Static and Fixed Pulsating Load.

using the strut and tie approach, the following

conclusions are therefore reached.

1. The strut and tie model is efficient in calculating
the various stresses generated in the beam, and
hence reasonable estimate of the load carrying
capacity of the analyzed reinforced concrete deep
beam.

2. The 3-dimensional FE analysis of the normal
strength concrete analyzed yielded an accurate
anticipated response as deep beams are
susceptible to shear damage. The shear failure
occurred near the support and propagated up to
the compression zone. Concrete crushing was
observed at the loaded point in case of the
applied fixed pulsating load, this occurred
immediately before the shear crack grows towards
the compression zone at about 500 thousand
cycles.

3. The level of damage is higher under fixed
pulsating loading when compared with static
loading even at lower stress because of the
stepwise loading of the beam, and as the concrete
stress increases, the crack strength also increases.
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