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Abstract 
A mathematical model for a slurry bioreactor 
was proposed to describe oxygen utilization rate 
and concentration profiles along the reactor for 
reactants and products in the bubbly flow 
regime. The model consisted of transient 
differential equations representing mass transfer 
and kinetics of oxygen, biomass and substrates 
in the liquid phase. The model was validated by 
comparing with experimental work of other 
authors and a good agreement was obtained, the 
absolute average error between model and 
experimental results was 4.3%. The effects of 
various operating parameters on the 
concentration profile of oxygen and biomass 
were investigated theoretically. The dissolved 
oxygen concentration was significantly affected 
by the superficial liquid velocity than that by 
superficial gas velocity. Unsteady state 
concentration profile of oxygen showed 
different behaviors gas and liquid.   
Keywords: Modeling, Bioreactor, Slurry 
(three phase) reactor, growth rate.  

1. Introduction 
    Mathematical models have an important role 
to play in the optimization of three phase 
bioreactor [1]. Bioreactor models aim to describe 
the overall performance of the bioreactor and 
consist of two submodels; a balance/transport 
sub model that describes mass and heat transfer 
within and between the various phases of the 
bioreactor and a kinetic submodel that describes 
how the growth rate of the microorganism 
depends on the key local environmental 
variables. One of two approaches may be taken 
to describing the growth kinetics. Simple 
empirical equations may be used or mechanistic 
models that attempt to describe intraparticle 
diffusion process related to growth may be 
proposed [2]. The majority of current bioreactor 
models have simple empirical kinetic sub 
models, since the heterogeneity within many 
bioreactors means that the balance/transport sub 
model is already quite complex [1, 2]. 
For example significant gradients can be 
expected within bed bioreactor with respect to 
temperature, moisture and the gas phase O2    

concentration [3, 4]. The balance equations in the 
dynamic models of such systems are partial 
differential equations, which require much more 
computational power to solve than the ordinary 
differential equations that describe the balances 
over well-mixed bioreactor. Gas - solid 
fluidized bed bioreactor provides good mixing 
and heat removal at the macro scale, greatly 
simplifying the balance equations, and allowing 
the assumption that all substrate particles are 
subjected to identical external conditions [2]. 
It is usually of interest to model how the growth 
of the microorganism causes changes in its 
environment, because, in turn, the growth of the 
microorganism depends on the conditions in its 
local environment. Growth of the 
microorganism is associated with the 
consumptions of O2 and nutrients and 
production wastes metabolic heat, water, carbon 
dioxide and various products. 
The identity of the components that are 
incorporated into the model depends on what 
the model proposes to describe. In some cases 
only a kinetic equation and an energy balance 
are written. It has often been assumed that heat 
production is directly proportional to growth [5, 6, 

7, 8, 9], although that is probably not true. In any 
case the inclusion of maintenance heat 
production is simple matter [10]. 
Even though typically attempts are not made 
within bioreactor models to predict intraparticle 
concentration profiles of nutrients and the 
dependence of growth on local nutrient 
concentrations, due to the complexity that this 
would introduce, overall consumption of the 
solid substrate may be of interest in order to 
predict gross changes in the substrate bed such 
as bed shrinkage.  
Some models take this dry weight  loss into 
account [10,11].Other models have ignored the 
decrease in total solids weight despite the fact 
that such decreases occur in reality [6,7,9].  
This could be shortcoming since bed shrinkage 
can potentially have important effects on 
bioreactor performance, such as promoting 
channeling in packed-beds [12]. Early models 
describing the overculture of 
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microorganisms on solid substrate were those of 
Georgion and Shuler [13], which described 
growth at the surface of a flat slab of substrate 
with glucose as the substrate, and Mitchell et al. 
[14], which described a similar system but with 
the use of starch as a substrate, in which case it 
was necessary to describe the release of 
glucoamylase by the microorganisms at the 
surface, the diffusion of the glucoamlase, into 
the substrate, the hydrolysis of starch by the 
glucoamylase, the diffusion of the released 
glucose  to the surface and the uptake of glucose 
at the surface by the microbial biomass. 
Rajagopalan and Modak [15] developed a model 
that took O2 diffusion into account and gave a 
structure to the microbial biomass, treating it as 
a wet biofilm of constant density.  
The model described the various steps. 
Diffusion of glucoamylase within the substrate 
particle was described as:   
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Where r is the radial position in the particle, CE 

is the concentration of the enzyme within the 
substrate particle, DE is the effective diffusivity 
of the enzyme within the substrate and t is time. 
It was assumed that the enzyme was liberated 
into the substrate at the biofilm/particle 
boundary and could not cross this boundary into 
the biofilm; also there is no reason to suppose 
this would be the case in reality. 
Hydrolysis of starch with the substrate particle 
was assumed to follow Michaelis-Menten 
kinetics [16]:  
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Where Cs is the starch concentration within the 
substrate, Kcat the catalytic constant of the 
enzyme and Ks the Michaelis-Menten constant 
for starch. 
Similarly, models of O2  reaction and diffusion 
in biofilms have been used in combination with 
experimental data for overall O2 consumption 
rates to show that in some cases aerial hyphase 
do not contribute significantly to overall O2 

uptake [17] whereas in others they do [18]. 
A more sophisticated model was developed by 
Rajagopalan et al. [19], extending the model of 
Rajagopalan and Modak [5] that described the 
intraparticle diffusion of glucose and O2. As 
with the model of Nandakumar et al. [20] there is 
a sharpbiomass/particle interface, but the 
reaction is not limited to this interface because 

of the liberation of enzyme into the substrate 
and diffusion of the glucose into the biofilm. 
They arrived at the equation: 
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Where b is the stoichiometric coefficient, eb is 
the molar density of the substrate, L is the 
overall particle size, which remains constant, De 

is the effective diffusivity of O2 in the microbial 
biomass layer, CA is the O2 concentration at the 
outer surface of the microbial biomass layer and 
lc is the length of the undegraded core of 
residual substrate. In this paper, the 
mathematical model for a three-phase fluidized 
bed bioreactor in wastewater treatment process 
is proposed to describe the oxygen 
concentration distribution. The validation of the 
model is done in comparison with the 
experimental data extracted from literature and 
various parameters affecting the performance of 
the bioreactor are estimated using the model.    
2. Principle Assumption 
The mathematical model was formulated under 
the following assumptions: 
(a) Solid particle were considered very small. 
(b) Uniform cross section for the reactor 
(cylinder). 
(c) Uniform temperature inside the reactor 
(isothermal). 
(d) Pseudo-two-phase model (slurry + gas). 
(e) Uniform density for the liquid phase. 
(f) Gas hold-up was supposed to be constant. 
(g) No gradient in concentration of radial 
direction in the gas and slurry phase.  

3. Oxygen Transfer and Kinetics 
Model 
Oxygen transfer and uptake in the bioreactor 
can be described by the following steps: 
Transport of oxygen from the bulk gas to the 
bubble interface 
(1) Transport of oxygen from the bubble 
interface to the slurry phase where reaction 
occurs. 
(2) The oxygen uptake rate can be 
described by the Monod kinetics [20]. 
(3)  
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Where m is the maximum specific growth rate 
(s-1); KO2 is saturation constant of oxygen (gcm-

3); ds is the substrate dry density (gcm-3); C is 
the oxygen concentration dissolved in liquid 
(gcm-3); YO2 is yield of biomass upon oxygen. If 
C>> KO2, the reaction rate follows the intrinsic 
zero order kinetics. 
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Where K0 is the intrinsic zero-order rate 
constant. 

4. Governing Equations of 
Mathematical Model 

Assumptions (f) and (g) characterize a 
homogeneous flow regime through the reactor. 
Figure (1) shows a mathematical representation 
of the bioreactor. Equations of mathematical 
model were resulted from differential balance 
along the reactor  

Fig. (1): A mathematical representation of 
the bioreactor. 
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* For oxygen balance in the liquid phase:  
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* For biomass balance in the liquid phase:  

1,2
1

2
11

Brx

B
D

x

B
U

t

B
LL

  
8 

 
* For substrate balance in the liquid phase:  
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5.  Boundary Conditions: 
To solve equations (6), (7), (8) and (9) the 
following boundary conditions are applied: 
* For oxygen in the gas phase: 
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* For oxygen in the liquid phase: 
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* For biomass in the liquid phase: 
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* For substrate in the liquid phase: 
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6.  Model Solution 
The particle differential equation of the model 
(i.e, eqns. 6 to 9) were approximated into linear 
algebraic equations by finite difference method 
[22] and solved numerically by means of MAT 
LAB R2010b for (Computer type).  
Let the increment in X and t is hx and K 
respectively. The following partial differential 
equation (i.e., equation 8):   

Liquid Gas (O2) 
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is approximated using the following finite 
difference formula for first and second 
derivatives: 
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Substitute eqns. (15), (16) and (17) into (14):  
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Solving eqn. (18) for x,ktCBl , moving 

a head in time for BlC to obtain:  
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To evaluate BlC in (t+K) three values of 

BlC must be known. The evaluation is carried 

out by iteration procedure. 
Before proceeding, we must solve a problem 
evolving from eqn. (19) at X=0;  
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At  X=0 
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hx is an increment of distance, while K is an 
increment of time. The values of X are limited 
to be lied between 0 and L inclusive while the 
values of t will increase indefinitely. Similarly 
equations (6, 7 and 9) are obtained in finite 
difference form for   
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7. Results and Discussion 
7.1 Reliability of Model 
To examine the reliability of the developed 
model, it was tested with experimental data 
excited in relevant literatures, [3, 21, and 22]. 
The experimental parameters are shown in 
table(1)                     
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o

 
C)

 
Parameter Experimental Value Units Ref. 

DL 1.5*10-5

 
cm3/s2

 
Abhishek Soni,[21] 

Dc

 
9.4 cm M.K. Gowthaman, N.P. Ghildyal, et. al ,[3] 

KLa 1.87*10 cm/s M.K. Gowthaman, N.P. Ghildyal, et. al ,[3] 

H 4.38*104

 

(-) M.K. Gowthaman, N.P. Ghildyal, et. al ,[3] 

L 75 Cm M.K. Gowthaman, N.P. Ghildyal, et. al ,[3] 

rB 0.043 g/cm3.s M.K. Gowthaman, N.P. Ghildyal, et. al ,[3] 

Ug 1.06 cm/s M.K. Gowthaman, N.P. Ghildyal, et. al ,[3] 

UL 0.5036 cm/s M.K. Gowthaman, N.P. Ghildyal, et. al ,[3] 

bd

 

0.03 g/cm3

 

M.K. Gowthaman, N.P. Ghildyal, et. al ,[3] 

g 0.5 (-) M.K. Gowthaman, N.P. Ghildyal, et. al ,[3] 

Ko 1.62*10-5

 

s-1

 

P. aarne Vesilind, J. Jeffery Peirce,[22] 

  

A comparison between experimental and 
simulated results for dissolved oxygen 
concentration in a (SBR) is shown in Figure (2). 
The figure shows a good agreement over the 
hole bed height. 
It can be seen that oxygen concentration profile 
has a steep decrease at the lower part of the 
reactor while it almost has a constant value at 
the upper part of the reactor.  
The reason for this behavior may be that the 
concentrations of reactants have much higher 
values in the lower part of reactor which leads 
to higher rates of reaction while in the upper 
part an equilibrium condition may existed 
between the reactants and products. The 
absolute average error between model and 
experimental results was 4.3%. 
The developed model for the (SBR) can 
describe the hydrodynamic characteristics in 
addition to the oxygen consumption rate. The 
operation parameters such as the superficial 
velocities for gas and liquid influenced the 
performance of SBR since these parameters 
affect the bed porosity and expanded bed height. 
Figure (3.a, b) shows that the dissolved oxygen 
concentration and biomass concentration are 
slightly affected by the superficial gas velocity. 
It is seen that the oxygen transfer rate from the 
gas phase increased as superficial gas velocity 
increases because the mass transfer coefficient 
and the oxygen concentration in gas phase is 

moderately related to the superficial gas 
velocity. 
Biomass concentration seems to depend on solid 
holdup which is a function of superficial gas 
velocity, so biomass concentration increases 
slightly as the superficial gas velocity increased. 
Figure (4.a, b) shows the effect of superficial 
liquid velocity on dissolved oxygen 
concentration and biomass concentration in the 
liquid phase. It seems that these concentrations 
are highly affected by superficial liquid velocity 
in compared with the superficial gas velocity 
which is shown in figure (3) The contact time 
needed for microbes to utilize dissolved oxygen 
decreases when the superficial liquid velocity 
increased, so the rate of oxygen. The contact 
time needed for microbes to utilize dissolved 
oxygen decreases when the superficial  

The contact time needed for microbes to utilize 
dissolved oxygen decreases when the superficial 
liquid velocity increased, so the rate of oxygen 
consumption decreased and consequently the 
existing dissolved oxygen concentration goes 
up. Biomass concentration is strongly affected 
by liquid superficial velocity because solid 
holdup is more affected by superficial liquid 
velocity. 
Figure (5.a, b) shows the concentration profiles 
of the oxygen in the gas and the liquid phase. 
The oxygen profile for the gas phase decrease 
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continuously to 0 at the beginning of the 
process. While with the time due to the liquid 
phase saturation with oxygen and decreased 
driving force (i.e., the flux through the bubble 
interface), the profile flatters until the constant 
values along the end of the reactor. In the liquid 
phase, a maximum in dissolved oxygen 
concentration is observed. It is to notice that the 
curves are steeper and the phase saturation 
values are reached in short period. The possible 
explanation of this fact is the existence of 
supplementary diffusion resistance in the 
bubble.    

8. Conclusions 
The transient model which was formulated and 
validated to analyze the slurry bioreactor system 
in the bubbly flow regime led to the followings: 

- The oxygen transfer rate from the gas phase 
increased slightly as the superficial gas 

velocity increases because mass transfer 
coefficient and the oxygen concentration in 
gas phase are strongly related to superficial 
gas velocity. 

- The dissolved oxygen concentration and 
biomass concentration are more affected by 
superficial liquid velocity than that by 
superficial gas velocity. 

- For unsteady state, the oxygen 
concentration profile in gas and liquid 
follow a different behavior. In gas phase the 
concentration profile drops continuously to 
zero at the top of the reactor, while in liquid 
phase the concentration profile has a 
maxima and then it drops gradually to zero 
along the reactor, the latter behavior was 
repeated at each time increment    

.9.  Nomenclatures 
Symbol Definition Unit 

BI

 

Biomass concentration g/cm3

 

b stoichiometric coefficient (-) 
C Oxygen concentration g/cm3

 

CA Concentration of  O2 at the outer surface of the microbial 
biomass layer 

g/cm3

 

CBl

 

Biomass concentration in the liquid phase g/cm3

 

Cg

 

Concentration of  O2

 

in the gas phase g/cm3

 

CL

 

Oxygen concentration in the liquid phase g/cm3

 

Cs

 

starch concentration g/cm3p

 

CE

 

Concentration of the enzyme g/cm3

 

CSL

 

Concentration of the substrate in the liquid phase g/cm3

 

Dg

 

effective diffusivity of O2

 

in the gas phase cm3/s2

 

De

 

effective diffusivity of O2

 

in the microbial biomass layer cm3/s2

 

DE

 

effective diffusivity of the enzyme within the substrate cm3/s2

 

DL

 

effective diffusivity of O2

 

in the liquid phase cm3/s2

 

De

 

effective diffusivity of O2

 

cm3/s2

 

eb

 

molar density of the substrate 

 

g Gravitational acceleration=9.81 m/s2

 

H Henry constant  (-) 
hx

 

increment of distance Cm 
K Increment in biomass concentration g/cm3

 

Kcat

 

catalytic constant of the enzyme g/cm3

 

KLA

 

Mass transfer coefficient  cm/s 

2oK 
saturation constant of oxygen  g/cm3

 

Ks

 

Michaelis-Menten constant for starch (-) 
K0

 

intrinsic zero-order rate constant s-1

 

L, lc overall particle size, length of the undegraded core of residual 
substrate 

cm 

M0x

   

r radial position in the particle cm 
rB,I

 

Biomass consumption rate in liquid g/cm3sec 
ro2

 

Oxygen consumption rate g/cm3sec
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Greek 
Symbols 

Definition Unit 

g

 

Gas hold-up (-) 

m

 

Maximum specific 
growth rate.  

s-1

 

g

 

Density of gas g/cm3

 

ds

 

Substrate dry density. g/cm3
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Fig. (2): Experimental and theoretical results for the dissolved oxygen     concentration 
in a TEBBR. 
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Fig. (3): Effect of superficial gas velocity on (a) the dissolved oxygen concentration and   (b) 
biomass concentration at steady state.
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Fig. (4): Effect of superficial liquid velocity on (a) the dissolved oxygen concentration and   (b) 
biomass concentration at steady state.
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Fig.(5): Oxygen concentration profiles at different increments of time 
(a) in gas phase (b) in liquid phase  
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