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Abstract

A finite element method of analysis is used to 
study the strength and behavior of prestressed 
concrete members under short-term and sustained 
load conditions. The degenerated assumed strain 
eight-node shell finite element is used with each 
node having five degrees of freedom. Material 
nonlinearity has been included in the analysis. 
Concrete is considered as an elastic-plastic 
material in compression with strain hardening. 
prestressing tendons are modeled by a multi-linear 
five branches stress-strain relationship. The 
layered approach is used to represent the concrete 
whereas the prestressing tendons are modeled as 
axial members embedded within the concrete 
elements. 

A computer program is developed and used for 
the analysis of prestressed concrete members 
having arbitrary tendon layout in either 
pretensioned or post-tensioned tendons. The 
tendon layout is specified and the loading due to 
prestressing is numerically calculated using the 
computer program. The validity of the proposed 
model for embedded bar representation of the 
prestressing tendons and the developed method of 
prestressing force inclusion into the entire member 
is demonstrated. The capabilities of the computer 
program resulting from the present developments 
are verified by analyzing experimentally tested 
prestressed concrete slabs. The computed results 
are compared with the available experimental 
data. The comparison verified the accuracy and 
adequacy of the method and models used utilizing 
the developed computer program.  

1. Introduction 

Prestressed concrete construction is an alternative 
technique to that of conventional reinforced 
concrete. In the early days of reinforced concrete 
construction, the available steel did not have 
sufficient strength for prestressing work, but the 
development of high-strength reinforcement soon 
led to a more widespread acceptance of this 
construction material. The availability of high 

strength  steel was also matched by improvements 
in concrete technology, resulting in the availability 
of high strength of concrete, which is more suitable 
for prestressing work. 

To assess the factor of safety against collapse and 
satisfy the continuous demand for longer spans and 
thinner members, the ultimate load capacity and the 
serviceability of the structure throughout its useful 
life have to be ensured. In this case, a linear analysis 
may not be sufficient [1]. 

In the present research work develops a method 
for the formulation of prestressing force and its 
effects on the strength and behavior of prestressed 
concrete members with the aid of nonlinear finite 
element analysis using the degenerated shell 
element utilizing a specially prepared computer 
program.  

2. Theoretical Approach 

The degenerated shell element procedure which 
was originally introduced by Ahmad et al. [2], and 
shown in Figs.1 and 2, is used in the current 
research work. If the shell is built up from a series 
of layers of different materials, such that the 
material properties (and stress) are discontinuous 

functions of , an appropriate integration through 
the thickness has to be carried out. These factors are 
accommodated in a simple and effective manner by 
using a layered approach, where a mid-point 
integration scheme is adopted for each layer.  

 

Figure (1) Quadratic solid three-
dimensional element[2] 
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In the nonlinear finite element analysis of 
reinforced thin plate structures, the steel 
reinforcement is usually represented as a smeared 
layer. Alternatively, when there is a lumped area of 
steel at a certain location, like the main steel bars in 
beams or prestressing tendons, the reinforcement is 
usually represented as a single discrete bar element 
connected to the nodes of adjacent concrete 
elements.  

When shell elements are used to model reinforced 
concrete structures, the discrete bar representation 
of steel suffers from the following drawbacks: 
1. In the case of curved or complicated bar 

geometry a distorted shell element needs to be 
used to match the bar geometry. 

2. The bar must be assumed to lie in the mid-
surface of the shell element, as shown in Fig.2, 
where the nodes of the parent element are located. 
So the finite element mesh patterns are restricted 
by the location of reinforcement and consequently 
by the increase in the number of concrete elements 
and total degrees of freedom. 
In order to achieve the advantages of a regular 

mesh, and at the same time model complicated 
reinforcing details, an embedded representation of 
reinforcement appears to be the desirable approach. 
Even so, the present embedded reinforcement 
models, when applied to problems with curved or 
draped reinforcement the prestressing tendons 
impose significant constraints on the selection of the 
overall mesh. A need therefore exists, for curved 
embedded representation of reinforcement that 
allows the choice of mesh to be somewhat 
independent of the reinforcement geometry and 
location.  

 

Figure (2) Embedded and discrete bar element in 
shell element 

 

Phillips and Zienkiewicz [3], introduced the 
embedded representation of reinforcement. In their 
derivation, the reinforcing bar is restricted to lie 

along the local coordinates, 

 
or 

 
of the parent 

element. Ranjbaran [4], modified the representation 
adopted above to account for inclined bars, using 
one-dimensional bar element with two nodes 
embedded in 8-node two-dimensional concrete 
element. The current formulation is based on 
modifying the above representation by using three-
node one-dimensional bar element embedded inside 
the degenerated concrete shell element shown in 
Fig.3, which can represent inclined and/or curved 
tendons, using two Gaussian points.  

 

Figure (3) Three-Node bar element embedded 
inside the degenerated shell element 

 

3. Prestressing Force Modeling  

There are different methods to represent 
prestressing. The simplest one is that used by Lin 
and applied by Abdulla [5] and by Roca and Mari 
[6]. In this method the tendon is assumed to be 
frictionless and may be replaced by two types of in-
plane forces, two end anchorage forces and a 
uniform pressure along the span of the member. The 
uniform pressure along the tendon may be replaced 
by a uniform distributed in-plane load along a line 
parallel to the longitudinal axis of the member. 

Another method is that used by Ghalib[7], in 
which very sophisticated prestressing tendon 
models were used for modeling the interaction 
between the concrete and the housed tendon. In this 
method, prestressing tendons were considered as an 
integral part of the structure and a generally curved 
tendon element embedded in an isotropic flat shell 
element was developed. 

In the present study a method similar to that used 
by Jirousek and Bouberguig [8], in which the 
equivalent load method is used to compute the force 
applied by the tendon on the structure, in the long 
direction only of the post-tensioned curved box-
girder. 

Using the global Cartesian coordinates of the 
tendon s nodal points (cb1, cb2, cb3), the Cartesian 
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coordinates of any other point on the tendon 
element can be obtained as follows: 
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where cb1x, cb1y, and cb1z, are the global 
Cartesian coordinates of the tendon nodal point cb1, 
shown in Fig.4, and M1, M2, and M3 are:  
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Also the variation of the tension force in the tendon 
will be defined in a form consistent with the 
definition of the tendon geometry, namely:  
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where Ti  (i = 1, 2, 3) are given magnitudes of the 
tension at the nodal points.  

To represent the effect of the prestressing in any 
tendon analytically by means of the equivalent load 
concept, the tendon has to be replaced by a set of 
three forces corresponding to the actual load 
imposed by the tendon. 

A representation of a differential segment of a 
prestressing tendon is shown in Fig.5. The action of 
a prestressing tendon on a particular element may be 
represented by a distributed line load acting on the 
element along the corresponding segment of the 
tendon axis. 
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Figure (5) Equilibrium of a space tendon 
segment [6] 

 

Due to the null bending stiffness, only an axial force 
can exist at any point of the tendon. 
The equilibrium condition can be written as:  
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Operating and neglecting the second order terms 
yields:  
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Using the following geometric relationship:  
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where R is the radius of the principal curvature, 
giving:  
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or, in a scalar form:  
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The global Cartesian components of the unit vectors 
t and n may be written as:   
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The combination of the global components of 
the tangential normal loads can be defined as:  
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When one of the end points of the tendon element 
(cb1 or cb3) coincides with the end of the tendon, 

shown in Fig.6, the end anchoring force ( 11 TP ) 

or ( mm TP ) must be applied to the element as 
a concentrated local load. This load, tangential to 
the tendon axis, will most conveniently be specified 
by giving the vector of its Cartesian global 
components:  
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Figure (6) Work equivalent node forces caused 
by prestressing on a concrete finite element [6] 

 

Using the following Eq. to define the displacement 
of the element:  

Nu 25 

  

and assuming that the element is traversed by only 
one prestressing tendon. Then, using the principle of 
virtual work to show that the local loads given 
through Eq.s (13) to (22) are balanced by the 
primary nodal forces FPr of the element leads to:  
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The large brackets, containing the end anchoring 
forces, have been used to indicate that the use of 
these terms is limited to cases where the point cb1 
or cbm coincides with the end of the tendon. If more 
than one tendon traverses the element considered, 
the effect of each one is computed separately, using 
Eq. (27) and the results are summed.  

4. Applications and Results 

A computer program has been developed to carry 
out the nonlinear finite element analysis of 
prestressed concrete members under the effect of 
static loading. 

The program developed and used in this study is 
based, on the computer programs PLAST by Huang 
[9], PLSHELL and CONCR1 by Hinton and Owen 
[10]. 

The new computer program includes all material 
nonlinearities, prestressing tendons are modeled by 
a multi-linear five branch stress-strain relationship. 

A numerical example is analyzed using the 
developed computer program, to test the program 
capabilities and to show the applicability and the 
accuracy of the proposed method for tendons 
representation and inclusion of the effect of 
prestressing force in prestressed concrete members. 
The analyzed slab is chosen from three simply 
supported prestressed concrete slabs tested 
experimentally by Perry and Okafor [11], which is 
designated as A8. The slab is square with plan 
dimensions of 1.5x1.5 m and a uniform thickness of 
60 mm, resting on simple edge supports, and has its 
corners held down, as shown in Fig.7. The 
prestressing was applied in both directions by 
straight bonded 7-mm diameter wires. The 
distribution of elements and tendons profile is 
shown in Fig.8. For numerical purposes, the loading 
is applied centrally through a 152 mm diameter flat 
steel platen, this circular platen is transformed to an 
equivalent square platen having a side length of 135 

mm. Due to symmetry, only one quarter of the slab 
is considered in the finite element analysis.  

 

Figure ( ) Details of prestressed concrete slab 
tested by Perry and Okafor[11] 

  

Figure (8) Tendons profile of prestressed concrete slab 
tested by Perry and Okafor[11] 

 

The material properties of concrete are: Young's 
modulus, Ec = 35100 MPa, compressive strength, 

cf

 

= 57 MPa, tensile strength, tf

 

= 3.84 MPa, 

Poisson's ratio, = 0.18, and ultimate compressive 

strain, cu = 0.0035.  

The material properties of prestressing tendons are: 
yield stress = 1289 MPa, ultimate stress = 1931 
MPa, area of a prestressing tendon  =  38.5 mm2, 
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effective prestressing stress = 1128 MPa, curvature 
friction coefficient = 0.15 rad-1, and wobble friction 
coefficient = 0.001 m-1. 
Comparison between the numerical and the 
experimental results of the load-deflection curves is 
shown in Fig.9, from which very good agreement is 
seen through all loading levels. The computed 
ultimate load value is 93 kN, whereas the ultimate 
load value obtained experimentally [11] is 97 kN. 
The ratio of the ultimate computed load to the 
experimental value is 0.959.  
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Figure (9) Comparison between computed and 
experimental load-deflection curves 

 

Fig.10, shows the variation of the average 
longitudinal stress along different tendons with the 
applied load. The curves represent the longitudinal 
stresses in the part of tendon 1 included in element 
1, and the part of tendon 2 included in element 5. It 
is noticed that, the longitudinal stress in tendon 1 
increases significantly after cracks appearance at 
about 32% of the ultimate load.   
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Figure (10) Variation of longitudinal stress in tendons 
with applied load 

 

The variation of the longitudinal stresses in 
tendons 1 and 8 at ultimate load with the distance 
from the central point of the slab is shown in Fig.11. 
It is seen that, the longitudinal stress in tendon 1 

decreases with the increase of distance from the 
center of slab (loading position), whereas the 
longitudinal stress in tendon 8 seems to have a little 
increase with the distance.  
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Figure (11) Variation of longitudinal stresses with 
distance in tendons at ultimate load 

 

5. Conclusion  

The 8-noded degenerated shell element and the 
constitutive relations and the method used in this 
investigation have been successfully used utilizing 
the developed computer program to predict the 
behavior and load carrying capacityof prestressed 
concrete members.The used development for 
modeling prestressing tendons as embedded bars 
within the parent concrete element gave very good 
results in comparison with the experimental results.  

6. Notations 

cb1, cb2, cb3: Tendon's nodal points 
cb1x, cb1y,cb1z: Global Cartesian coordinates 

of nodal point cb1 

Ec: Modulus of elasticity of 

concrete 
FPr: Element's primary nodal force 

caused by prestressing 

cf : Ultimate compressive strength 

of concrete 

tf :   Uniaxial tensile strength of 

concrete 
M1, M2, M3: Shape functions of the 

embedded bar 
N: Shape function of element 

nodes 
Px, Py, Pz: Global components of 

prestressing force 
Ti: Tension force at tendon nodal 

[11]
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point i 
u: Displacement in global x-

direction 

: Dimensionless coordinate 

along the embedded bar 

element 

, , :   Natural coordinate system  
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