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Abstract: 
The modern development in prosthetics field 

demand the evaluation of the dynamical behavior  
and automatic control .The key process in the 
design and implement of these devices is the 
determination of the model parameters inherited 
with the transfer function .In such complicated 
structures it is so difficult to evaluate transfer 
function analytically ,however experimental 
approaches can serve as a simple and effective 
tool for estimating transfer function and model 
parameters .In this regard computer software such 
as Matlab is used .System Identification SID 
refers to  the method for estimating the system 
transfer function from experimental tests by using 
computer .In the present  paper; SID  method is 
employed for analyzing below-knee prosthesis leg 
.In order to simulate with the practical 
requirement for design and evaluation ,two phases 
of human gait are considered ,namely; swing 
phase and single support of stance phase .The 
validity of this method is firstly checked by 
applying it on clamped-clamped beam model 
where the required parameters are evaluated and 
compared theoretically (via modal analysis) and 
experimentally (via System identification) .It is 
found that ; the error in estimating the transfer 
function parameter of beam is not exceeded 6% . 
Then the transfer function  of the prosthesis are 
estimated for two phases of gait cycle .It is found 
that; the estimated transfer function of the 
prosthesis leg is highly affected by the phase type 
of gait cycle , where  ;the natural frequency 
highly increases, the static gain decrease for 
support phase as compared with the swing phase 
,however the damping ratio does not affected . 
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1. Introduction 

Investigating the dynamical behavior of 
complicated structures from analyzing 
experimental data took wide attention for 
researchers and engineers .The main goal of this 

analysis is to evaluate the system parameters 
associated with the  resulting curve relating the 
input and output data  . In this method the system 
is subjected to an input excitation to produce an  
output response .Both  input and output signal 
waves are sampled at equal time interval to 
generate set of data .The data is then transformed 
to frequency domain by Fast Fourier 
Transformation FFT and  proceed in computer to 
find the optimum transfer function. By evaluating 
the transfer function the dynamical parameter of 
system such as, natural frequency, damping and 
gain can be evaluated. A wide information about 
the vibration, stability and control characteristics 
can be clearly investigated for the target system. 
System Identification SID is a computer software 
used for performing such an analysis, as example 
in Matlab. This field of research has wide 
practical applications in engineering such as fault 
detection in automatic machines Basseville et.al. 
[1], damage detection Mevel, et.al. [2], health 
monitoring Zimmerman et.al. [3], car body, Sabri 
[4] airplane, Goethals and Moor[5], automotive 
and aerospace applications, Bart Peeters et al.[6] 
mobility analyzer (DMA) in the nanometer size 
range Hummes,et al.[7] ducted laminar premixed 
flame Karimi, et.al.[8] and vehicle component 
testing Peeters et.al[9]. In simple or regular 
systems and structures the transfer function can 
be evaluated in straight forward analysis, however 
for complicated systems it is not so because of the 
complication of stiffness and mass as well as the  
existed of nonlinearity .In such systems the 
theoretical analysis becomes tedious .In this 
regard; finite element and state space methods are 
normally used Ewins [10]. The accuracy obtained 
in these methods depend on the number of 
elements used which are normally large Heylen 
et. al.[11] The main challenge of determination of 
the system parameters is how to fit the complex 
transfer function curve to the standard forms of 
transfer function with certain confidence. 

Cauberghe .[12] Researchers attempted many 
numerical and statistical methods to improve the 
optimization (minimizing error and time labor) 
process ;for example  Guillaume et.al.[13] used 
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frequency-domain maximum likelihood , Van Der 
et.al.[14] employed fast-stabilizing frequency 
domain method , Guillaume et.al.[15] introduced 
a poly-reference implementation of the least-
squares  and Canales and Mevel [16]  applied the 
quasi newton based system Due to the recent 
developments in the field of prosthetic which 
involve  the robotic and intelligent devices such 
as; the C-leg , feeling leg and robotic prosthesis 
hand the demand for evaluating the system 
parameter becomes essential for design and 
implement. 

In this paper, the estimation of the transfer 
function is  attempted for the below-knee 
prosthesis leg as an example of complicated 
object which consists of many elements such as 
;plastic socket ,steel rod ,plastic foot and many 
connection joints.In order to  simulate with the 
practical requirements ,two phases of human gait 
cycle will be investigated ,namely the swing 
phase and single support of stance phase .For the 
validation purpose a classical beam with clamped-
clamped boundary condition is used in which the 
system parameter are evaluated in both theoretical 
and experimental methods 
 
2. Theoretical Consideration 

In order to check the validity of the present 
method a typical beam model will be investigated 
to evaluate the system parameters theoretically by 
using Modal Analysis method .The beam model is  
shown in figure 1.  
 

 
Figure 1: The beam System and equivalent m-c-k 

system  
 
The equation of force vibration of damped 

beam according to Euler-Bernoulli theory can be 
written as [17]; 
𝐸𝐸𝐸𝐸 𝜕𝜕

4𝑦𝑦
𝑑𝑑𝑥𝑥4

+ 𝐶𝐶 𝜕𝜕𝑦𝑦
𝑑𝑑𝑑𝑑

+ 𝜌𝜌𝜌𝜌 𝜕𝜕2𝑦𝑦
𝑑𝑑𝑑𝑑2

= 𝑓𝑓(𝑡𝑡)𝛿𝛿(𝑥𝑥 − 𝑥𝑥𝑗𝑗)         (1) 
 
Where the concentrated force is located at xj. 
For Modal Analysis one can seek the following 
solution ; 

∑
=

=
N

s
ss tqxtxy

0

)()(),( φ          (2) 

Where )(xsφ and )(tqs  stand for mode shape 
and generalize coordinates .Substituting the 
solution (2) into the equation (1) results ; 

 )x-(x )(. jδφρφφ tfqAqCqEI sssss
IV
s =++∑ ∑ ∑ 

                                                                            (3) 
Where )(xsφ  and q(t) are replaced by qs and ϕs 
for simplicity. 
Now, multiplying Eq. (3) by the boundary 

residual series ∑
=

=
N

r
rr xx

1

)()( φφ  

and integrating over the beam length (0 to L)  , the 
following matrix equation can be obtained [18]; 
 

)()(}]{[}]{[}]{[ xjtfqMqCqK j=++        (4)  
 
The matrices [K] and [M] are diagonal due to the 
orthogonally property of the normal modes that 
is;   
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The elements of the stiffness and mass matrices 
are as the follows ;  

dxxxEIK s
IV
sss )()(

1

0
, φφ∫=

                        (6) 

dxxAm sss
2

1

0
, )(∫= φρ

                                  (7)    
To evaluate the transfer function the harmonic 
analysis must be considered , assuming harmonic 
motion and harmonic force one can write ; 
 
𝑞𝑞𝑠𝑠(𝑡𝑡) = 𝑄𝑄𝑠𝑠𝑒𝑒𝑖𝑖𝜔𝜔𝑠𝑠𝑑𝑑   and  
f(𝑡𝑡) = 𝐹𝐹𝑒𝑒𝑖𝑖𝜔𝜔𝑑𝑑                                                      (8) 
 
Substituting equations (8) into equation (4) and 
making the use of transfer function definition the 
following equation is resulted ;  
𝐻𝐻𝑠𝑠(𝜔𝜔) = 𝑄𝑄𝑠𝑠(𝜔𝜔)

𝐹𝐹𝑠𝑠(𝜔𝜔)
= 𝐾𝐾𝑠𝑠𝜑𝜑𝑠𝑠(𝑥𝑥𝑥𝑥)

[1+2𝜁𝜁 𝜔𝜔𝜔𝜔𝑠𝑠
+𝜔𝜔

2

𝜔𝜔𝑠𝑠2
]
                            (9) 

When s=1 ,the equivalent single degree of m-c-k 
system can be obtained,hence the corresponding 
transfer function becomes ; 
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𝐻𝐻1(𝜔𝜔) = 𝐾𝐾𝑠𝑠𝜑𝜑1(𝑥𝑥𝑥𝑥)

[1+2𝜁𝜁 𝜔𝜔
𝜔𝜔1

+𝜔𝜔
2

𝜔𝜔1
2]

               (10) 

Although the above analysis is general for any 
beam boundary condition, in this paper, a focus is  
made on clamped-clamped boundary conditions  
In this case the shape function )(xsφ  is [17] ; 

)cosh(cos
coscosh
sinsinhsinhsin)( xxxxx ss

sss

ss
sss λλ

λλ
λλλλφ +

−
−

−+=

                                                                          
(11) 

 
Where the eigenvalues λ s are the roots of the 
characteristics equation cosh λsL cos λsL =1  
The natural frequency can be obtained as; 

𝜔𝜔𝑠𝑠 = (𝜆𝜆𝑠𝑠𝐿𝐿)2� 𝐸𝐸𝐸𝐸
𝑀𝑀𝐿𝐿4

                          (12) 

 
Equations 10 together with equations 6,7 , 11 and 
12 can give the theoretical transfer function and 
system parameters of the clamped-clamped  
beam. 
Due to the difficulty of evaluating  the damping 
theoretically  .The damping was measured 
experimentally by using the concept of the 
logarithmic decrement of  the transient response 
curve which is available from hummer test .   
 
3. Experimental Estimation 

When a set of experimental input data X(t) 
and output data Y(t) are available ,the transfer 
function H(ω) can be obtained from the following 
relation [12] 

 
𝐻𝐻(𝜔𝜔) = 𝑌𝑌(𝜔𝜔)

𝑋𝑋(𝜔𝜔)
= 𝐹𝐹𝐹𝐹 𝑜𝑜𝑜𝑜 𝑜𝑜𝑜𝑜𝑑𝑑𝑜𝑜𝑜𝑜𝑑𝑑

𝐹𝐹𝐹𝐹 𝑜𝑜𝑜𝑜 𝑖𝑖𝑖𝑖𝑜𝑜𝑜𝑜𝑑𝑑  
                 (13) 

 
Equation 13 leads to complex transfer 

function with magnitude and phase shift which 
can written as ; 

  
𝐻𝐻(𝜔𝜔) = 𝜌𝜌(𝑤𝑤)𝑒𝑒𝑖𝑖𝑖𝑖(𝜔𝜔)                   (14) 

 
Now if equation 14 is plotted against a range 

of frequencies and fitted to optimal bode plot it is 
possible to estimate the TF in terms of the system 
parameters (gain, natural frequencies, damping 
…etc)  

The method of auto-regression can be used 
which leads to  a classical linear least squares .In 
order to reduce the fitting error the following cost 
function J(b) is used [10]; 

 
𝐽𝐽(𝑏𝑏) = ∫ �𝐺𝐺(𝑖𝑖𝜔𝜔, 𝑏𝑏) − 𝜌𝜌(𝑤𝑤)𝑒𝑒𝑖𝑖𝑖𝑖(𝜔𝜔)�2∞

0 𝑑𝑑𝜔𝜔        
(15) 

 

Where 𝐺𝐺(𝑖𝑖𝜔𝜔, 𝑏𝑏) denotes the desired transfer 
function of fitting .For desecrate data this 
integration is replaced by summation; 

 
𝐽𝐽(𝑏𝑏) = 1

2
∑ �𝐺𝐺(𝑖𝑖𝜔𝜔, 𝑏𝑏) − 𝜌𝜌(𝑤𝑤)𝑒𝑒𝑖𝑖𝑖𝑖(𝜔𝜔)�2𝑁𝑁
𝑖𝑖=1 ∆𝜔𝜔   (16) 

 
The system transfer function is assumed to 

have a linear structure expressed in factored form. 
This is the general form familiar to Bode plot 
which can be represented in the following 
factored form [10]; 

 
𝐺𝐺(𝑠𝑠, 𝑏𝑏) = ∏ 𝑔𝑔𝑚𝑚(𝑠𝑠, 𝑏𝑏)𝑗𝑗𝑀𝑀

𝑗𝑗=1                    (17) 
 
Where gm can take any of the following forms; 
 

𝑠𝑠, (1 + 𝜏𝜏𝑠𝑠), (1 + 2𝜁𝜁𝑠𝑠 +
𝜔𝜔2𝑠𝑠2), 1

(1+2𝜁𝜁𝑠𝑠+𝜔𝜔2𝑠𝑠2)
… … . 𝑒𝑒𝑡𝑡𝑒𝑒                (18) 

 
In Matlab software the so called “System 

Identification “ is available to work with 
measuring data or observations .This includes 
FFT transformation, complex frequency 
evaluation , data correlation and outo correlation 
,optimization ,curve fitting to bode plot and 
system parameters estimation  

 
4. Experimental Work  

Three experiments are carried out to evaluate 
the transfer function between two selective points. 
One test is for clamped- clamped beam (figure 2) 
and two for prosthesis leg at swing and support 
phases of human gait cycle (figures 3 and 4) . 

The beam model sample is Aluminum with 
circular cross section which has the following 
specifications (L=0.52 m, d=10 mm   ,E=71x109 
N/m2 and ρ = 7800 kg/m3) .   

The below-knee prosthesis is made from three 
major parts; the socket which is made from Perlon 
(623T3) with Carbon fiber stockinet (with layers 
4 p-2c-4 p ) 

 
Figure 2: Beam test 
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Figure 3: Prosthesis leg at swing phase test 

 

 
Figure 4: Prosthesis leg at support phase test 

 
The steel rod and the plastic foot .To introduce 

the swinging motion two pines are attached on 
steel clamper ring fitted on the socket .The pines 
then hinged with another U shape link by means 
of two ball bearing, finally the prosthesis is over 
hanged on a cantilever beam as shown in figure 
3.For single support phase the foot of the 
prosthesis is trapped between two beam channels 
to constrain the motion as shown in figure 4.  

In all tests the impact hummer is used to 
introduce an impulse force at the input point .The 
output response was picked out by using the 
accelerometer . A charge amplifier was employed 
to amplify the response. The input and output 
signals were displayed on the oscilloscope .The 
input and output were sampled and then exported 
and saved in the laptop .Figure 5 presents  a block 
diagram for the measuring equipment used in the 
prosthesis leg tests .The tests are repeated for 
several points in forward and reverse manners 
(i.e: exchanging the input and output points ). 

Figure 6 is a photograph picture of the real 
input and output signals as observed in the 
oscilloscope for one of the beam test .The stored 
fiels  are then exported to Matlab worksheet for 
estimating the transfer functions . 

 
Figure 5: Block diagram of measuring equipment 
used in Prosthetics leg tests 
 

 
Figure 6: Real input and output wave signals for 
beam 
 
5. Results and Discussions 

The experimental results for estimating the 
System parameters of the clamped-clamped beam 
by using system identification obtained  in Matlab 
are shown in figures 7-a to d  .In figure 7-a the 
input and output data are plotted in time domain 
.The FFT of data is performed and plotted in 
figure 7-b . Figure 8-c shows the autocorrelation 
and cross correlation  of data  exported for best 
fitting to the slandered 2nd  transfer function 
.Finally figure 9-d  presents the bode plot of the 
transfer function. The estimated transfer function 
for the beam which is obtained by Matlab as the 
follows  ; 

 
𝐻𝐻(𝜔𝜔) = 70.304

[1+2𝑥𝑥0.0078 𝜔𝜔
1000+

𝜔𝜔2
10002

]
           (19) 

 
The natural frequency and static gain are 

calculated by using equations 6 and 7, and the 
damping ratio was measured experimentally. 

In table 1, the experimental SID and 
theoretical results are collected and the percentage 
error are calculated .This table show a good 
agreement between the two methods where the 
maximum error is not exceeded 6% .This prove 
the validity of using the estimation method with 
confidence . 
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-a- 

 
-b- 

 
-c- 

 
-d- 

Figure 7: SID plots of clamped-clamped beam 
 
 
 

Table 1: Theoretical and experimental parameters of 
clamped-clamped beam 
System 
parameters 

Theoretical System 
Ident. 

Error 
% 

Natural 
frequency 

(r/s) 

987 1000 1.8 

Damping 
ratio 

0.0083 0.0078 6% 

Gain (m/N) 69.5 70.304 1.15 
 

Figures 8-a to f; present the following plots of 
the below knee prosthesis at swing phase ; input 
and output data in time domain ,input and output 
data in frequency domain ,measured and 
simulated system output ,data correlation ,bode 
plot and the step response ,respectively .  For the 
same prosthesis but at support phase the same 
sequence of plots of SID are shown in figures 9-a 
to f .  

 
-a- 

 
-b- 

 
-c- 
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-d- 

 

 
-e- 

 
-f- 

Figure 8: SID plots of prosthesis at swing phase 
 

 
-a- 

 
-b- 

 

 
-c- 

 
-e- 

 
-f- 

Figure 9: SID plots of Prosthesis at support phase  
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The estimated transfer function of the below 
knee prosthesis at swing and support phase which 
are obtained from Matlab are as the follows ;  
 
𝐻𝐻(𝜔𝜔) = 2.677

[1+2𝑥𝑥0.0103 𝜔𝜔
892.6+

𝜔𝜔2
892.6]

  for swing phase       

                                                                         (20) 
 
𝐻𝐻(𝜔𝜔) = 121.73

[1+2𝑥𝑥0.011 𝜔𝜔
512.82+

𝜔𝜔2
512.822

]
 for support phase  

                                                                       (21) 
 

Comparing equation 20 and 21 indicates the 
large different in the transfer function parameters 
between the two phases of the gait cycle. This can 
attributed to the fact that at support phase the 
prosthesis device is subjected to more 
deformation than the swing phase .This 
deformation comes from the effect of the ground 
reaction force GRF .Accordingly , the stiffness is 
highly decreased and hence the natural frequency 
decrease. 

 
6. Conclusions 

From the discussions of the results the following 
conclusions can be derived; 
1- The validity of the present method is 

checked ;it is found that the percentage error 
in the transfer function parameters between 
the theory and experiments is not exceeded  
( 6 %) . 

2- The transfer function of the prosthesis leg is 
affected by the phase type of gait cycle ,it is 
found that ;at the swing phase ;the natural 
frequency increase, the static gain decrease 
and the damping is not affected  

 
7. List of Symbols 

A Beam cross sectional area m2 
C Damping coefficient NS/m 
E Modulus of Elasticity N/m2 
Hs (ω) Transfer function 
J(b) Cost Function  
q(t) Time function 
ϕ Space function 
ρ Density kg/m3 
ω Natural Frequency r/s 
δ Dirac delta function  
λ Characteristics root of beam frequency 

equation  
τ Time delay ,sec 
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 لطورین من المشیةوصناعیة تحت الركبة  لطرفدالة الخصائص  تخمین

 
 عماد زھیر غني             رشید اسماعیل                        محمود

 قسم الھندسة المیكانیكیة               قسم ھندسة الاطراف والمساند الصناعیة             
 جامعة النھرین                                                        جامعة النھرین

 
 الخلاصة 

ان اھم عملیة في  تصمیم وتنفیذ  ,تتطلب تقییم السلوك الدینامیكي و عملیات السیطرة.الذاتیة الصناعیة الحدیثة في مجال الأطراف  اتالتطویر
 صائص .في مثل ھذه الاجسام المعقدة من الصعب جدا ایجاد دالة الخ TFھذه الأجھزة ھو تحدید معالم النموذج المرتبطة مع دالة الخصائص

.في ھذا المجال یتم استخدام تقنیة تعریف المودیل وفر أداة بسیطة وفعالة لتقدیرھما  عبر استخدام تیقة  تحلیلیھ، ولكن النھج التجریبیة یمكن أن بطر
ت برنامج الكمبیوتر مثل برنامج الماتلاب. في ھذا البحث تم توضیف الطریقة لتحلیل طرف صناعي تحت الركبة. ومن أجل المحاكاة مع المتطلبا

لطریقھ من خلال تطبیقھا على العملیة تم اختیار مرحلتین من مشیة الإنسان، وھما طور التارجح وطور الاسناد. تم في البدایة عمل فحص لھذه ا
لایجاد الخصائص المطلوبة  ومقارنتھا من الناحیة النظریة (عبر تحلیل الاطوار) وتجریبیا (عن طریق تحدید نموذج) حیث الاسناد عتبة محكمة 

حیث وجد ورین من دورة المشي. على الطرف الصناعي  ولط الطریقة التجریبیة  ,ومن ثم تم تطبیقلحالة العتبة % 6تبین ان نسبة الخطأ لا تتعدى
بالمقارنة  التارجحوالربح یقل لحالة طور بشدة حیث ان التردد الطبیعي یزداد ان الدوال المخمنة للطرف الصناعي تتاثر بشدة بنوع طور المشیة 

 .في حین ان نسبة التخمید لم تتاثر الاسنادمع طور 
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